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As most of the natural satellites of the Solar System, the Galilean moons are sin
e a long time assumed to be tidally lo
ked in a spin-orbit syn
hronous resonan
e. Thanks to the mission Galileo,we now dispose of enough gravity data to perform 3-dimensional theories of the rotation of these satellites, in parti
ular to model the departure from the exa
t syn
hronous rotation. We herepresent su
h theories depending on the interior model we 
onsider, in highlighting some observable output data. Inverting them will give us information on the internal stru
ture of these bodies.
Context

As most of the natural satellites in the Solar System, the Galilean satellitesof Jupiter are assumed to be in a syn
hronous rotation, alike the Moon. This
orresponds to a stable dynami
al equilibrium, that make the satellites al-ways present the same fa
e to a �
titious Jovian observer. This equilibriumexists be
ause of the aspheri
ity of these bodies, that are in fa
t ellipsoids.The gravitational data of these satellites given by the Galileo spa
e
raft al-lows us to give �rst 3-dimensional studies of their rotations. We here present�rst our analyti
al formulation of these problems, then our results, beforeintrodu
ing some ways to improve the modelisation.
Analyti
al study

The analyti
al study starts from the following Hamiltonian :
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︸ ︷︷ ︸Jovian perturbation
(1)

with the following 
anoni
al variables:
p = l + g + h P = G

nC
r = −h R = G−H

nC = P (1 − cos K) = 2P sin2 K
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nC cos qwhere n is the satellite's mean orbital motion, q = −l, and Q = G − L =

G(1 − cos J) = 2G sin2 J
2 . The 
oe�
ients of the Hamiltonian are de�nedas follows:
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and the angles 
an be seen on the �gure above, reprodu
ed from (Henrard[3℄). They use 2 sets of Euler angles, the �rst one (h,K, g) lo
ates the posi-tion of the angular momentum in the �rst frame (~e1, ~e2, ~e3), while the se
ond
(g, J, l) lo
ates the body frame (~f1, ~f2, ~f3) in the se
ond frame tied to theangular momentum.

Figure 1: The angles (reprodu
ed from Henrard [3℄).
x and y are the �rst two 
oordinates of the 
enter of the perturber (hereJupiter) in the frame (~f1, ~f2, ~f3) bound to the satellite. Then we use themodel of Henrard & S
hwanen (2004 [2℄) to obtain the equilibrium (K∗, P ∗)and the fundamental periods of the 3 proper librations around it: Tu, Tv and
Tw. At the stri
t Cassini state, σ = p − λ + π = 0, ρ = r + � = 0, ξq = 0and ηq = 0 (i.e. the wobble angle J is null), where λ and � are respe
tivelythe body's mean longitude and as
ending node in an inertial frame.After some 
anoni
al transformations introdu
ing the slow angles, we �ndthe equilibrium of the system, 
on�rming the syn
hronous rotation and giv-ing the obliquity of the body. Then, a 
entering of the Hamiltonian on theequilibrium and a
onversion into polar 
oordinates yields:

H(u, v, w, U, V,W ) = ωuU + ωvV + ωwW
︸ ︷︷ ︸3-d os
illator +P(u, v, w, U, V,W )

︸ ︷︷ ︸Perturbation (2)
where (u, v, w) are angles, (U, V,W ) the a
tions asso
iated, and
(ωu, ωv, ωw) the 3 frequen
ies of the small os
illations about the equilib-rium. These os
illations are expe
ted to be damped, but knowing them

gives information on the response of the system to the perturbation. Theperturbation 
omes from the non-spheri
al motion of the studied body, andis given by L1 ephemerides (Lainey, Duriez & Vienne 2006 [7℄). The in�uen
eof the perturbations 
an be used either analyti
ally by way of Lie transforms(
f. Deprit 1969 [1℄), or numeri
ally.
Results

We have shown that the equilibrium obliquity of the body with respe
t tothe normal of the orbital plane is:
ǫ ≈

�̇I

n(δ1 + δ2 + �̇/n)
, (3)

where �̇ is the pre
essional rate of the as
ending node of the body, I itsorbital in
lination, and n its mean frequen
y, i.e. its spin rate in the 
ase ofthe syn
hronous rotation. The proper periods are given in Tab.1.
Table 1: Proper periods. T is the spin / orbital period, givenby [7℄. The 3 periods of the librations of the rotation, respe
tivelyin longitude (Tu), latitude (Tv) and wobble (Tw), 
ome from [3℄,[5℄, [9℄ and [10℄.

T Tu Tv TwIo 1.769 d 13.25 d 159.39 d 229.85 dEuropa 3.551 d 52.70 d 3.60 y 4.84 yGanymede 7.154 d 186.37 d 23.38 y 30.08 yCallisto 16.689 d 2.46 y 203.58 y 317.11 y
A di�
ulty arises for the obliquity of Callisto (Noyelles 2009 & Fig.2), be-
ause its signi�
ant in
lination, due to the Solar perturbation, indu
ed whatseems to be a 
haoti
 behavior of the orientation of the angular momentum.In fa
t, it is just a geometri
al e�e
t. The Jovian equator at a given date isjust an inadequate 
hoi
e of inertial referen
e plane, the Lapla
e Plane hasto be 
onsidered, whi
h minimizes the variations of the orbital in
linations.For most of the natural satellites, it is 
lose enough to the planet's equator,while for Callisto its in
lination is ≈ 0.2◦.
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Figure 2: The problem with the inertial referen
e plane of Cal-listo. The rotational node of Callisto (left) and the orbital one(right) should have the same mean pre
ession rate. This is in fa
ta geometri
al e�e
t, due to an improper 
hoi
e of referen
e plane.
An interesting output variable to look at is the longitudial motion, that 
anbe seen in longitudinal libration of the body about the syn
hronous rota-tion or about the planet-satellite dire
tion, or in the L.O.D. (length of day).This departure from the exa
t syn
hronous rotation is due to the orbitale

entri
ity, i.e. to the variations of the planet-satellite distan
e.
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Figure 3: Variations of the Length-Of-Day of Callisto, the meanvalue being 16.686 days. We 
an see variations in 16.686 days,i.e. the orbital period of Callisto. Over a larger times
ale, we 
ansee a 11.86-yr modulation, due to the Solar perturbation.

Introdu
ing a �uid 
ore
Considering these satellites as rigid bodies is a �rst approximation. Theyare in fa
t di�eren
iated, multi-layered bodies (perhaps with the ex
eptionof Callisto), that have a liquid 
ore (like Io) or an internal o
ean (like Eu-ropa). So, the next step is to introdu
e a multi-layered internal stru
ture.The easiest way to introdu
e a �uid 
ore is to 
onsider it as spheri
al. Thisway, you have no 
ore-mantle intera
tion and you 
an just remove the 
orein the equation, 
onsidering the body as an empty body.Henrard (2008 [6℄) proposed to 
onsider Io as a body 
omposed of a rigidmantle and a ellipsoidal 
avity �lled with an invis
id, in
ompressible andnon vis
uous �uid. This way, you get 
ore-mantle intera
tions that shouldbe in
luded in the kineti
 energy, this way:
T =

n
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[
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c + 2Pc)/δ
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√
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√
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,(4)where the subs
ript c refers to the 
ore, δ to its size, and ǫ1, ǫ2 to its shape.Here, a 4th degree of freedom is added, related to the motion of the liq-uid �lling the 
avity. The proper frequen
y asso
iated is 
lose to the spinfrequen
y.The most spe
ta
ular observational 
onsequen
e is in the amplitude of thefor
ed longitudinal librations. It 
an be shown that it depends on the sizeof the 
ore δ. Hen
e, an observation of these librations 
an be inverted tomeasure the size of the 
ore, as has been done for Mer
ury (Margot et al.2007 [8℄).

Con
lusion
This 
ontribution presents the elaboration of models of the rotation of theGalilean satellites in 3 degrees of freedom, i.e. without negle
ting the obliq-uity of the polar motion. These theories have been developed both withanalyti
al and numeri
al tools, with good agreements.The 
onsideration of realisti
 internal stru
tures is in progress. This studywill need to 
onsider ea
h satellite as individuals, be
ause their interiors arenot ne
essarily similar. We hope that it will be possible to invert the rotationto get 
lues on this internal stru
ture.
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